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DIVISORS OF SECANT PLANES TO CURVES
NICOLA TARASCA
Abstract. Inside the symmetric product of a very general curve, we consider the codimension-
one subvarieties of symmetric tuples of points imposing exceptional secant conditions on linear
series on the curve of fixed degree and dimension. We compute the classes of such divisors, and
thus obtain improved bounds for the slope of the cone of effective divisor classes on symmetric
products of a very general curve. By letting the moduli of the curve vary, we study more generally
the classes of the related divisors inside the moduli space of stable pointed curves.
Let C be a smooth curve of genus g. The n-symmetric product Cn of C is the smooth variety
that parametrizes divisors of C of degree n. A geometric way to obtain subvarieties of Cn is
to consider secant divisors to linear series of C. Recall that a linear series of type grd is a pair
ℓ = (L, V ) of a line bundle L ∈ Picd(C) and a linear subspace V ⊂ H0(C,L) of dimension r + 1.
The Brill-Noether theorem says that the variety Grd(C) of linear series of type g
r
d on a general
curve C of genus g has dimension ρ(g, r, d) := g− (r+ 1)(g − d+ r), and is empty if ρ(g, r, d) < 0.
Given a general curve C of genus g, the variety of divisors of C imposing exceptional secant
conditions on a fixed linear series of C has been classically studied ([ACGH85, §VIII.4]). In the
following, we consider the locus in Cn of degree-n divisors of C imposing at most t independent
conditions on some arbitrary linear series in Grd(C), that is,
S
r,t
g,d(C) :=
{
D ∈ Cn : ∃ ℓ ∈ Grd(C) with h0 (C, ℓ⊗OC(−D)) ≥ r + 1− t
}
.
The natural assumptions are 1 ≤ t ≤ r and n ≥ t+1. Geometrically, when ℓ ∈ Grd(C) is very ample
and thus induces an embedding C →֒ Pr, an element D ∈ Cn such that h0 (C, ℓ⊗OC(−D)) ≥
r + 1− t corresponds to an n-secant (t− 1)-plane to C ⊂ Pr. If t = 1, then Sr,1g,d(C) is the variety
of symmetric n-tuples of points in C mapping to an n-fold point in some projective model of C.
On the other end of the range, if t = r, then Sr,rg,d(C) parametrizes symmetric n-tuples of points
which become linearly dependent in some embedding C ⊂ Pr.
When ρ(g, r, d) = (n − t)(r + 1 − t)− 1, the variety Sr,tg,d(C) is expected to be a divisor in Cn.
More generally, the incidence correspondence
Σr,tg,d(C) := {(D, ℓ) ∈ Cn ×Grd(C) |h0(C, ℓ ⊗OC(−D)) ≥ r + 1− t}
is a determinantal subvariety of Cn×Grd(C) of expected dimension n+ρ(g, r, d)− (n− t)(r+1− t).
From [Far08, §2], Σr,tg,d(C) is either empty, or pure of the expected dimension. If ρ(g, r, d) =
(n− t)(r + 1− t)− 1, the locus Σr,tg,d(C) is known to be non-empty in each of the following cases
(i) g − d+ r = 1 and n ≥ (n− t)(r + 1− t) ([ACGH85, pg. 356]);
(ii) g − d+ r ≥ 1, n ≥ (n− t)(r + 1− t) + r − t, and d ≥ 2n− 1 ([CM91]);
(iii) g − d+ r ≥ 1 and n ≤ (n− t)(r + 1− t) ([Far08, Theorem 0.5]);
(iv) g − d+ r ≥ 1 and t = r.
(1)
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Case (iv) follows from the others. Indeed if t = r, then Σr,tg,d(C) is non-empty if h
0(C,OC(D+E)) ≥
r+1 for some D ∈ Cn and E ∈ Cd−n. Equivalently, h0(C,KC ⊗OC(−D−E)) ≥ g− d+ r. Since
KC⊗OC(−E) ∈ Gg−d+n−12g−2−d+n(C) for a generalE ∈ Cd−n, we have that Σr,rg,d(C) = Σg−d+n−1,n−rg,2g−2−d+n (C).
Finally, Σg−d+n−1,n−rg,2g−2−d+n (C) always satisfies either (i) or (iii) in (1).
We conclude that Σr,tg,d(C) is pure of dimension n− 1 when ρ(g, r, d) = (n− t)(r+1− t)− 1 and
one of the conditions in (1) holds. Moreover, the first projection π1 : Σ
r,t
g,d(C) → Sr,tg,d(C) ⊂ Cn is
generically finite on its image. In other words, given a generic element D = p1 + · · · + pn ∈ Cn,
there is at most a finite number of linear series ℓ in Grd(C) such that h
0(C, ℓ⊗OC(−D)) ≥ r+1− t.
To verify this, by letting the n points pi collide together, one shows that for any point x in C there
is at most a finite number of linear series ℓ in Grd(C) such that h
0(C, ℓ ⊗ OC(−nx)) ≥ r + 1 − t.
This follows from [EH89] (see the discussion in §1). Hence, Sr,tg,d(C) is a divisor in Cn when
ρ(g, r, d) = (n− t)(r + 1− t)− 1 and one of the conditions in (1) is satisfied.
Let C be a very general curve, that is, a curve corresponding to a point outside the union of
countably many subvarieties of the moduli space of curves of genus g. The Ne´ron-Severi group
N1Q(Cn) is generated by the classes θ and x, where θ is the pull-back of the class of the theta divisor
via the natural map Cn → Picn(C), and x is the class of the locus p + Cn−1 ⊂ Cn of divisors
of C containing a fixed general point p ∈ C ([ACGH85, pg. 359]). Our first result is an explicit
expression for the class of the divisor Sr,tg,d(C) in N
1
Q(Cn).
Theorem 1. Fix g, d ≥ 2, 1 ≤ t ≤ r, and n ≥ t + 1 such that ρ(g, r, d) = (n − t)(r + 1 − t) − 1.
Let C be a very general curve of genus g, and let s := g−d+ r. Assume that one of the conditions
in (1) is satisfied. Then Sr,tg,d(C) is an effective divisor in Cn, and its class in N
1
Q(Cn) is
[
S
r,t
g,d(C)
]
= g! · n
t∏
i=2
i! · (n− i)
(s− 1 + i)! ·
r+1−t∏
j=2
j!(n+ j)!
(s+ n− 1 + j)!(n− t− 1 + j)!(n− 1 + j)
g(s− 1)!(s+ n− 1)!(t− 1)!(r − t)!
(
θ − g
n
x
)
.
It follows that the class θ − (g/n)x is Q-effective for all values of g and n that satisfy the
hypotheses of the theorem. In particular, these include all cases g ≥ 4 and g/2 ≤ n ≤ g − 2.
Moreover, we remark that the classes of all the divisors Sr,tg,d(C) obtained by varying r, t, and d
(while keeping g and n fixed) lie on the same ray spanned by θ − (g/n)x inside N1Q(Cn).
As an example, consider the case r = 1. For n = 2d− g ≥ 2, Theorem 1 recovers the formula[
S
1,1
g,d(C)
]
=
n
g
(
g
g − d
)(
θ − g
n
x
)
(2)
from [FV13c, Corollary 3.2]. Given an integer 1 ≤ m ≤ g/2− 1, (2) gives a divisor class on Cn for
n = g − 2m. Remarkably, in the case n = g − 2, the divisor S1,1g,g−1(C) is extremal in the cone of
effective divisor classes of Cg−2 ([Mus10]). Moreover, in the case r = t = 2 and n = g − 3 ≥ 3,
Theorem 1 recovers the formula for the class of the divisorS2,2g,g(C) in Cg−3 first studied in [FV13b].
It is natural to ask when the class of Sr,tg,d(C) is extremal in the cone of effective divisor classes
Eff(Cn) inside the two-dimensional space N
1
Q(Cn). The diagonal class δC := −θ+(g+n−1)x spans
an extremal ray of Eff(Cn) ([Kou93, §6]), while the other extremal ray is generally not known. The
class of Sr,tg,d(C) gives us a bound for the slope of Eff(Cn) in the fourth quadrant of the (θ, x)-plane
for all values of g and n satisfying the hypotheses of Theorem 1. For all such values in the range√
g ≤ n ≤ g − 3, this bound improves the one given by the Q-effective class θ − ⌊g/n⌋x ([Kou93,
§7]). In the cases n = g − 2 ([Mus10]) and n = g ([Kou93]), the ray spanned by θ − (g/n)x is
known to be extremal. Better bounds are known for n <
√
g, while the class θ is extremal for
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n ≥ g + 1 ([Kou93, §5, §7]). The case n = g − 1 is excluded by the hypotheses of Theorem 1, but
a full description of Eff(Cg−1) is given in [Mus11].
In §3 we prove a result stronger than Theorem 1. By letting the moduli of the curve C in
Theorem 1 vary, we consider the divisor Sr,tg,d inside the moduli space Mg,n defined as the locus
of pointed curves [C, x1, . . . , xn] such that the divisor x1+ · · ·+ xn imposes at most t independent
conditions on some linear series in Grd(C) (see Theorem 2). In §3, we study the class of its closure
inside the moduli space Mg,n of stable pointed curves. As an auxiliary computation, in §2 we
calculate the class of the pointed Brill-Noether divisor in Mg,1 obtained by letting all marked
points in a general element of Sr,tg,d collide together. In order to do this, we start by counting
special Brill-Noether points on a general curve in §1. Finally, in §4 we deduce Theorem 1 from the
class of the divisor S
r,t
g,d in Mg,n.
Acknowledgments. I would like to thank Gavril Farkas for many helpful discussions related to
varieties of secant divisors.
1. Brill-Noether special points on the general curve
In this section, we count linear series on a general curve with exceptional vanishing at an
arbitrary point. Given a linear series ℓ = (L, V ) ∈ Grd(C) on a general curve C, the vanishing
sequence of ℓ at some point p ∈ C is defined as the sequence aℓ(p) : 0 ≤ a0 < · · · < ar ≤ d of
distinct vanishing orders of sections in V at p.
Fix g ≥ 2, two positive integers r, d, and an index a : 0 ≤ a0 < · · · < ar ≤ d such that
ρ(g, r, d, a) := g − (r + 1)(g − d+ r) −∑i(ai − i) = −1. From [EH89], a general curve C of genus
g admits at most a finite number of linear series ℓ ∈ Grd(C) having vanishing sequence aℓ(x) = a
at some point x ∈ C. From [FT15], the number of pairs (x, ℓ) ∈ C ×Grd(C) such that aℓ(x) = a is
equal to
ng,r,d,a := g!
∑
0≤j1<j2≤r
(
(aj2 − aj1)2 − 1
) ∏0≤i<k≤r(ak − δj1k − δj2k − ai + δj1i + δj2i )∏r
i=0(g − d+ r + ai − δj1i − δj2i )!
.(3)
Here, δij is the Kronecker delta, and we set 1/n! = 0, if n < 0. In the following, we will use the
above formula in the case a = (0, . . . , t − 1, n, . . . , n + r − t). We will also need to count linear
series satisfying an exceptional Brill-Noether condition on a general pointed curve.
Proposition 1. Fix g, d ≥ 2, 1 ≤ t ≤ r, and n ≥ t+1 such that ρ(g, r, d) = (n− t)(r+1− t)− 1.
i) Let C be a general curve of genus g. The number of pairs (x, ℓ) ∈ C × Grd(C) such that
h0(C, ℓ ⊗OC(−n · x)) ≥ r + 1− t is
ng,r,d,a = g! · n(n2 − 1)
t∏
i=2
i! · (n− i)
(s− 1 + i)! ·
r+1−t∏
j=2
j!(n+ j)!
(s+ n− 1 + j)!(n− t− 1 + j)!(n− 1 + j)
(s− 1)!(s+ n− 1)!(t− 1)!(r − t)!
with a = (0, . . . , t− 1, n, . . . , n+ r − t) and s := g − d+ r.
ii) Let (C, p) be a general pointed curve of genus g. For 1 ≤ δ ≤ n, there exists a finite number
of pairs (x, ℓ) ∈ C ×Grd(C) such that h0(C, ℓ⊗OC(−δx− (n− δ)p)) ≥ r+ 1− t. Their number is
T r,tg,d(δ) := ng,r,d,a ·
δ(nδ − 1)
n(n2 − 1)
with ng,r,d,a as in (i).
Proof. Part (i) follows from (3). The formula for ng,r,d,a with a = (0, . . . , t − 1, n, . . . , n + r − t)
has only one non-zero summand, that is, the contribution given by j1 = 0 and j2 = t.
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The set-up of the proof of part (ii) is similar to that of the proof of (3) from [FT15]. Choose m
such that h1(C,L ⊗OC(mp)) = 0, for every L ∈ Picd(C). The natural maps
H0(C,L⊗OC(mp))→ H0(C,L ⊗OC(mp)|(m+n−δ)p+δx)։ H0(C,L ⊗OC(mp)|mp)
globalize to
π∗(E)→ µ∗(ν∗L ⊗O(m+n−δ)Γp+δ∆) =:M1 ։ µ∗(ν∗L ⊗OmΓp) =:M0
as maps of vector bundles over C ×Picd+m(C). Here L is the Poincare´ bundle on C ×Picd+m(C)
normalized to be trivial on {p} × Picd+m(C), the map π : C × Picd+m(C) → Picd+m(C) is the
second projection, and E is the vector bundle of rank d +m − g + 1 defined as E := π∗(L). The
maps µ : C ×C ×Picd+m(C)→ C ×Picd+m(C) and ν : C ×C ×Picd+m(C)→ C ×Picd+m(C) are
the projections respectively onto the first and third, and the second and third factors. Finally, ∆
and Γp are the pull-backs to C ×C ×Picd+m(C) respectively of the diagonal in C ×C and of the
divisor C × {p} ⊂ C × C. Note that M0 is a trivial bundle of rank m over C × Picd+m(C).
Linear series ℓ ∈ Grd(C) satisfying the condition h0(C, ℓ⊗OC(−(n− δ)p− δx)) ≥ r + 1− t are
complete (as are linear series in part (i)). Thus, we are interested in the pairs (x, L) in C×Picd(C)
such that h0(C,L ⊗OC(−(n − δ)p − δx)) ≥ r + 1 − t and h0(C,L) ≥ r + 1. This is the locus in
C × Picd+m(C) where the ranks of the maps
ϕ1 : π
∗(E)→M1, ϕ0 : π∗(E)→M0(4)
are respectively bounded by rank(ϕ1) ≤ d +m − g − r + t, and rank(ϕ0) ≤ d +m − g − r. The
finiteness of the locus of pairs considered in part (i) implies the finiteness of this locus. Hence, we
can apply the Fulton-Pragacz determinantal formula for flag bundles [Ful92, Theorem 10.1].
Let us compute the Chern classes of the bundles in (4). Let ηi be the pull-back of the class of a
point in C via the projection on the i factor πi : C×C×Picd+m(C)→ C, for i = 1, 2, and let θ be the
pull-back of the class of the theta divisor in Picd+m(C) via π3 : C×C×Picd+m(C)→ Picd+m(C).
Finally, given a symplectic basis δ1, . . . , δ2g for H
1(C,Z) ∼= H1(Picd+m(C),Z), let δis := π∗i (δs) for
i = 1, 2, 3, and define
γi,j := −
g∑
s=1
(δjsδ
i
g+s − δjg+sδis).
The following relations will ease the computation. Note that η2i = ηi · γi,j = γ3i,j = θg+1 = 0, for
any i = 1, 2, and j = 2, 3. Moreover, it is easy to see that γ21,2 = −2gη1η2, γ2i,3 = −2ηiθ for i = 1, 2,
and γi,jγj,3 = ηjγi,3 for {i, j} = {1, 2}. From [ACGH85, §VIII.2], we have ct(E) = e−tθ, and
ch(ν∗L) = 1 + (d+m)η2 + γ2,3 − η2θ, ch(O(m+n−δ)Γp+δ∆) = 1− e−(δη1+δγ1,2+(m+n)η2).
Via the Grothendieck-Riemann-Roch formula, we have
ch(M1) = µ∗((1 + (1− g)η2) · ch(ν∗L ⊗O(m+n−δ)Γp+δ∆))
= (m+ n) + η1(gδ
2 + δ(d− g + 1− n)) + δγ1,3 − δη1θ,
whence we compute the Chern polynomial
ct(M1) = 1 + η1(gδ2 + δ(d− g + 1− n)) + δγ1,3 + (δ − δ2)η1θ.
Let c
(0)
t := ct(M0 − E) = etθ, and c(1)t := ct(M1 − E), that is,
c
(1)
1 = η1(gδ
2 + δ(d− g + 1− n)) + δγ1,3 + θ
and
c
(1)
j =
θj
j!
+ η1θ
j−1
(
gδ2 + δ(d− g + 1− n)
(j − 1)! +
δ − δ2
(j − 2)!
)
+
δ
(j − 1)!γ1,3θ
j−1
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for j ≥ 2. Using the Fulton-Pragacz formula, the degree of the class of the locus of pairs (x, L) in
C × Picd(C) such that h0(C,L⊗OC(−δx− (n− δ)p)) ≥ r + 1− t and h0(C,L) ≥ r + 1 is
T r,tg,d(δ) := deg


c
(1)
g−d+r+n−t · · · c(1)g−d+2r+n−t
...
. . .
...
c
(1)
g−d+n · · · c(1)g−d+r+n−t · · · c(1)g−d+r+n
c
(0)
g−d+t−1 · · · c(0)g−d+r · · · c(0)g−d+r+t−1
...
. . .
...
c
(0)
g−d · · · c(0)g−d+r


.
The determinant of the above (r + 1) × (r + 1) matrix can be computed as follows. Since η21 =
η1γ1,3 = γ
3
1,3 = 0, we deduce that T
r,t
g,d(δ) is a polynomial in δ of degree at most two. Hence, it is
enough to determine T r,tg,d(δ) for three different values of δ.
If δ = 0, then T r,tg,d(0) = 0: indeed, the above determinant is a multiple of θ
g+1, hence zero.
Geometrically, the case δ = 0 corresponds to counting linear series ℓ ∈ Grd(C) such that aℓ(p) =
a = (0, . . . , t − 1, n, . . . , n + r − t) at a general point p. Since ρ(g, r, d, a) = −1, such a locus is
empty by [EH89]. Moreover, if δ = n, then T r,tg,d(n) = ng,r,d,a by (i).
Let us compute T r,tg,d(1). Using again η
2
1 = η1γ1,3 = γ
3
1,3 = 0, the determinant T
r,t
g,d(1) is by
linearity equal to the sum of the determinants of the matrices containing exactly one row with
only coefficients of type η1θ
j−1(d + 1 − n)/(j − 1)! and all other rows with coefficients of type
θj/j!, plus the determinants of the matrices containing exactly two rows with only coefficients of
type γ1,3θ
j−1/(j − 1)! and all other rows with coefficients of type θj/j!. The determinants of such
matrices can be expressed in terms of the following variation of the Vandermonde determinant
∆(b0, . . . , br) :=


1
(br−r)!
· · · 1
br !
...
. . .
...
1
(b0−r)!
· · · 1
b0!

 =
∏
i<j(bj − bi)∏r
k=0 bk!
.
Fixing s = g− d+ r, there are only two non-zero determinants in the expansion of T r,tg,d(1), that is,
T r,tg,d(1) = (d+ 1− n) · deg(η1θg) ·∆(s, . . . , s+ t− 1, s+ n− 1, s+ n+ 1, . . . , s+ n+ r − t)
+ deg(γ21,3θ
g−1) ·∆(s, . . . , s+ t− 1, s+ n− 1, s+ n, s+ n+ 2, . . . , s+ n+ r − t).
Expanding, we have
T r,tg,d(1) = g!
t−1∏
i=0
i!(n− 1− i)
(s+ i)!
r−t∏
j=0
1
(s+ n+ j)!
×

(d+ 1− n)(s+ n)
(r − t)!
r−t∏
j=1
(n+ j)!(j + 1)!
(n+ j − t)! − 2
(s+ n+ 1)(s+ n)
(r − t− 1)!
n!
(n− t)!
r−t∏
j=2
(n+ j)!(j + 1)!
(n+ j − t)!

 .
Note that we can write d = (s+1)r+ ρ(g, r, d) = (s+1)r+(n− t)(r+1− t)− 1. Thus, the above
expression can be simplified as follows
T r,tg,d(1) =
ng,r,d,a
n(n+ 1)
.
Interpolating the values of T r,tg,d(δ) for δ = 0, 1, n, we deduce the statement in (ii). 
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2. Pointed Brill-Noether divisors
In this section, we consider family of curves with a marked Brill-Noether special point. Let g > 2,
r, d, and a : 0 ≤ a0 < · · · < ar ≤ d be such that ρ(g, r, d, a) := g−(r+1)(g−d+r)−
∑
i(ai−i) = −1.
Consider the locus Mrg,d(a) in Mg,1 of pointed curves [C, x] with a linear series ℓ ∈ Grd(C) having
vanishing sequence aℓ(x) ≥ a. From [EH89], the class of the closure of a divisor of type Mrg,d(a)
in the moduli space of stable pointed curves Mg,1 lies in the two-dimensional cone generated by
the pull-back of the class of the Brill-Noether divisor in Mg
BN := (g + 3)λ− g + 1
6
δirr −
g−1∑
i=1
i(g − i)δi
and the class of the closure of the Weierstrass divisor M1g,g(0, g)
W := −λ+
(
g + 1
2
)
ψ −
g−1∑
i=1
(
g − i+ 1
2
)
δi.
Here, λ is the pull-back from Mg of the first Chern class of the Hodge bundle, ψ is the cotangent
class at the marked point, δirr is the class of the closure of the locus of nodal irreducible curves, and
δi is the class of the closure of the locus of curves with a pointed component of genus i attached
at a component of genus g − i.
It follows that we can write [Mrg,d(a)] = µ ·BN+ν ·W ∈ Pic(Mg,1) for some positive coefficients
µ and ν. Such coefficients can be computed via test curves: from [FT15, Corollary 1], we have
µ = − ng,r,d,a
2(g2 − 1) +
1
4
(
g−1
2
) r∑
i=0
ng−1,r,d,(a0+1−δi0,...,ar+1−δir) and ν =
ng,r,d,a
g(g2 − 1) .(5)
Here, δij is the Kronecker delta. We apply these formulae in the case a = (0, . . . , t−1, n, . . . , n+r−t),
using the expression for ng,r,d,a from Proposition 1 (i).
Lemma 1. Fix g, d ≥ 2, 1 ≤ t ≤ r, and n ≥ t+ 1 such that ρ(g, r, d) = (n− t)(r + 1− t)− 1. Let
a = (0, . . . , t− 1, n, . . . , n+ r − t), s := g − d+ r, and e := d− g − t+ 1. The class of the closure
of the divisor
Mrg,d(a) := {[C, x] ∈Mg,1 : ∃ ℓ ∈ Grd(C) with h0(C, ℓ ⊗OC(−n · x)) ≥ r + 1− t}
is [
Mrg,d(a)
]
=
ng,r,d,a
g(g2 − 1) (σ · BN +W)
with ng,r,d,a as in Proposition 1, and
σ :=
(te+ g + 1) (n− t) [(n− t)(3te− g − 1) + 2(g + 1)(e− t)]− (d+ 1)(g + 1)2(d− 2g + 1)
2(g − 2)s(n+ s)t(n− t)(r + 1− t)(n+ r + 1− t)
for g ≥ 3, while σ = 0 for g = 2.
Proof. The statement follows from (5). Note that the formula for µ reduces to
µ = − ng,r,d,a
2(g2 − 1) +
1
4
(
g−1
2
) (ng−1,r,d,b + ng−1,r,d,c)
where b = (0, 2, . . . , t, n+1, . . . , n+r−t+1) and c = (1, . . . , t, n, n+2 . . . , n+r−t+1). The formula
(3) for ng−1,r,d,b has non-zero contributions only for (j1, j2) ∈ {(0, 1), (0, t), (1, t)}. Similarly, the
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only non-zero contributions to ng−1,r,d,c are for (j1, j2) ∈ {(0, t), (0, t+ 1), (t, t+ 1)}. We have
ng−1,r,d,b =
ng,r,d,a
n2 − 1 ·
(
(t+ 1)(t− 1)(s− 1)(s+ 1)(n+ r − t+ 2)(n+ r − t)
g(n− t)(s+ n)n(r − t+ 1)
+
((n+ 1)2 − 1)(t+ 1)(n+ 1)(s− 1)(n+ r − t+ 2)
2gn(n+ 2)
+
((n− 1)2 − 1)(t− 1)(n− 1)(s+ 1)(n+ r − t)
2g(n− 2)n
)
,
ng−1,r,d,c =
ng,r,d,a
n2 − 1 ·
(
((n− 1)2 − 1)(n− 1)(n− t− 1)(r − t+ 2)(s+ n− 1)
2gn(n− 2)
+
((n+ 1)2 − 1)(n+ 1)(n− t+ 1)(r − t)(s+ n+ 1)
2g(n+ 2)n
+
(n− t− 1)(n− t+ 1)(r − t+ 2)(r − t)(s+ n− 1)(s+ n+ 1)
g · s · t · n(n+ r − t+ 1)
)
.
Modulo the identities g = (r + 1)s + ρ(g, r, d) and d = (s + 1)r + ρ(g, r, d), the resulting formula
for µ is equivalent to the total coefficient of BN in the statement. 
3. The divisor Sr,tg,d
Fix g, d ≥ 2, 1 ≤ t ≤ r, and n ≥ t+ 1 such that ρ(g, r, d) = (n − t)(r + 1 − t) − 1. Let C be a
general curve of genus g. After the discussion in the introduction, the locus Sr,tg,d(C) is a divisor
in Cn when one of the conditions in (1) is satisfied. By varying the moduli of the curve C, in
this section we study the divisor in Mg,n of pointed curves [C, x1, . . . , xn] such that x1 + · · ·+ xn
imposes at most t independent conditions on some linear series of type grd, that is,
S
r,t
g,d :=
{
[C, x1, . . . , xn] : ∃ ℓ ∈ Grd(C) with h0 (C, ℓ⊗OC (− x1 − · · · − xn)) ≥ r + 1− t
}
.
We compute the main coefficients of the class of the closure of Sr,tg,d in Mg,n. Let us fix the
notation for divisor classes on Mg,n. For 0 ≤ i ≤ g − 1 and J ⊂ {1, . . . , n}, let δi:J be the class of
the closure of the locus of curves with a component of genus i attached at a component of genus
g − i, and the marked points on the component of genus i are exactly those corresponding to J
(assume |J | ≥ 2 if i = 0). Denote by δi:j the sum of the classes δi:J such that |J | = j. Finally,
λ and δirr are the pull-back of the analogous classes on Mg, and ψi is the cotangent class at the
point i, for i = 1, . . . , n. Modulo the identity δi,J = δg−i,Jc , the classes λ, ψi, δirr, and δi,J form a
basis of Pic
(Mg,n) for g ≥ 3, and generate Pic (Mg,n) for g = 2.
Theorem 2. Fix g, d ≥ 2, 1 ≤ t ≤ r, and n ≥ t + 1 such that ρ(g, r, d) = (n − t)(r + 1 − t) − 1.
Assume that one of the conditions in (1) holds. The class of the closure of the divisor Sr,tg,d is
[
S
r,t
g,d
]
=
ng,r,d,a
g(g2 − 1)

cλλ+ cψ n∑
i=1
ψi − cirrδirr −
n∑
j=2
c0:jδ0:j −
g−1∑
i=1
⌊n⌋∑
j=0
ci:jδi:j

 ∈ Pic(Mg,n)
where ng,r,d,a is as in Proposition 1, and, for σ as in Lemma 1, one has
cλ = σ(g + 3)− 1, cirr = σ · g + 1
6
, cψ =
(g + 1)(g + n)
2n(n+ 1)
,
c0:j =
j(g + 1)(n2 + jgn− jn− g)
2n(n2 − 1) , ci:0 = σ · i(g − i) +
i(i+ 1)
2
.
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Example. We recover the case r = 1 and d = g studied in [Log03], and in general the case r = 1
studied in [Far09, §4.3]. Moreover, we recover the case ρ(g, r, d) = 0 studied in [Far09, §4.2], and
the case r = t = 2 and d = g studied in [FV13b].
Remark. The divisor S
1,1
g,g−1 is rigid and extremal in Mg,g−2 ([FV13c]). Moreover, the divisor
S
1,1
g,g is rigid and extremal in Mg,g, for 2 ≤ g ≤ 11 ([FV13a]). It is natural to ask whether there
are other cases in which the divisor S
r,t
g,d is rigid or extremal.
Proof of Theorem 2. The proof follows the strategy from [Log03, §3] and [Far09, §4]. Let us
consider the divisor (Sr,tg,d)
n in Mg,1 obtained by letting the n marked points in a general element
in Sr,tg,d collide together, that is,
(Sr,tg,d)
n :=
{
[C, x] ∈ Mg,1 : ∃ ℓ ∈ Grd(C) with h0 (C, ℓ ⊗OC (−nx)) ≥ r + 1− t
}
.
This divisor coincides with the pointed Brill-Noether divisor Mrg,d(a) studied in §2, where a =
(0, . . . , t − 1, n, . . . , n + r − t). From [Log03, Theorem 2.8], the coefficients of λ, δirr, and δi:0 in
the class of S
r,t
g,d coincide with the coefficients of λ, δirr, and δg−i in the class of the closure of the
divisor (Sr,tg,d)
n, hence the statement for cλ, cirr, and ci:0 follows from Lemma 1.
The idea to compute the coefficient cψ is similar. Let (S
r,t
g,d)
n−1 be the divisor inMg,2 obtained
by letting all marked points but one in a general element in Sr,tg,d come together, that is,
(Sr,tg,d)
n−1 :=
{
[C, x, y] : ∃ ℓ ∈ Grd(C) with h0 (C, ℓ⊗OC (− x− (n− 1)y)) ≥ r + 1− t
}
.
The class of the closure of (Sr,tg,d)
n−1 can be written as[
(S
r,t
g,d)
n−1
]
=
ng,r,d,a
g(g2 − 1)
(
hλλ+ hxψx + hyψy − h0:{x,y}δ0:{x,y} − · · ·
) ∈ Pic(Mg,2).
Note that hλ = cλ and hx = cψ. Moreover, we have h0:{x,y} =
(
g+1
2
)
. Indeed, if we let the two
marked points in a general element in (Sr,tg,d)
n−1 collide together, we recover the locus Mrg,d(a) as
above, and h0:{x,y} coincides with the coefficient of ψ in the class of Mrg,d(a) from Lemma 1. Let
Cx := {[C, x, y]}x∈C and Cy := {[C, x, y]}y∈C be the curves inMg,2 obtained by fixing one general
marked point and varying the other marked point on a general curve C of genus g. We have[
(S
r,t
g,d)
n−1
]
· Cx = ng,r,d,a
g(g2 − 1)
(
(2g − 1)hx + hy − h0:{x,y}
)
= T r,tg,d(1),[
(S
r,t
g,d)
n−1
]
· Cy = ng,r,d,a
g(g2 − 1)
(
hx + (2g − 1)hy − h0:{x,y}
)
= T r,tg,d(n− 1),
where T r,tg,d(·) is as in Proposition 1, whence we recover the coefficient hx ≡ cψ.
Intersecting S
r,t
g,d with the curve in Mg,n obtained by fixing n− 1 general marked points on a
general curve of genus g and letting one additional marked point vary, we obtain
ng,r,d,a
g(g2 − 1) ((2g + 2n− 4)cψ − (n− 1)b0:2) = T
r,t
g,d(1),
whence we deduce c0:2. The coefficients c0:j for j ≥ 3 are computed recursively. Consider a general
(n − j + 1)-pointed curve of genus g, and identify one of the marked points with a moving point
on a rational curve having j fixed marked points. The intersection of this test surface with S
r,t
g,d is
empty, and we have the following relation
j · cψ + (j − 2) · c0:j − j · c0:j−1 = 0
whence we deduce c0:j = (j(j − 1)/2) · c0:2 − j(j − 2) · cψ. 
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4. Divisors of secant planes in symmetric products of a general curve
We close by proving Theorem 1 after Theorem 2.
Proof of Theorem 1. Let Cg,n := Mg,n/Sn be the universal degree-n symmetric product, and let
π : Mg,n → Cg,n be the quotient map. Let u : Cn 99K Cg,n be the rational map u(x1 + · · ·+ xn) =
[C, x1 + · · · + xn], well-defined outside the codimension-2 locus of effective divisors of C with
support of length at most n − 2. If S˜r,tg,d is the effective divisor in Cg,n such that π∗S˜r,tg,d = S
r,t
g,d,
then u∗(S˜r,tg,d) coincides with the divisor S
r,t
g,d(C) in Cn. Let δ˜0:2 be the divisor class on Cg,n whose
pull-back via π is δ0:2, and let ψ˜ be the first Chern class of the line bundle L on Cg,n defined
as L[C, x1 + · · · + xn] = T∨x1(C) ⊗ · · · ⊗ T∨xn(C) over a point [C, x1 + · · · + xn] in Cg,n. Note
that π∗(ψ˜) =
∑
i ψi −
∑n
j=2 j · δ0:j ([FV13c]). One has u∗(δ˜0:2) = δC = −θ + (g + n − 1)x and
u∗(ψ˜) = θ + δC + (g − n− 1)x = (2g − 2)x ([Kou02, Proposition 2.7]). We deduce[
S
r,t
g,d(C)
]
=
ng,r,d,a
g(g2 − 1) ((c0:2 − 2cψ) · θ + ((2g − 2)cψ − (g + n− 1)(c0:2 − 2cψ)) · x)
=
ng,r,d,a
g(n2 − 1)
(
θ − g
n
x
)
where ng,r,d,a is as in Proposition 1, and c0:2 and cψ are as in Theorem 2. 
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